This paper develops a fast distributed algorithm, termed DEXTRA, to solve the optimization problem when n agents reach agreement and collaboratively minimize the sum of their local objective functions over the network, where the communication between the agents is described by a directed graph. Existing where k is the number of iterations. We show that, with the appropriate step-size, DEXTRA converges at a linear rate O(τ k ) for 0 < τ < 1, given that the objective functions are restricted strongly-convex.
I. INTRODUCTION
Distributed computation and optimization have gained great interests due to their widespread applications in, e.g., large-scale machine learning, [1, 2] , model predictive control, [3] , cognitive networks, [4, 5] , source localization, [6, 7] , resource scheduling, [8] , and message routing, [9] .
All of these applications can be reduced to variations of distributed optimization problems by a network of agents when the knowledge of objective functions is distributed over the network. In particular, we consider the problem of minimizing a sum of objectives, n i=1 f i (x), where f i : R p → R is a private objective function at the ith agent of the network.
There are many algorithms to solve the above problem in a distributed manner. A few notable approaches are Distributed Gradient Descent (DGD), [10, 11] , Distributed Dual Averaging (DDA), [12] , and the distributed implementations of the Alternating Direction Method of Multipliers (ADMM), [13] [14] [15] . The algorithms, DGD and DDA, are essentially gradientbased, where at each iteration a gradient-related step is calculated, followed by averaging over the neighbors in the network. The main advantage of these methods is computational simplicity.
However, their convergence rate is slow due to the diminishing step-size, which is required to ensure exact convergence. The convergence rate of DGD and DDA with a diminishing step-size is shown to be O(
), [10] ; under a constant step-size, the algorithm accelerates to O(
) at the cost of inexact convergence to a neighborhood of the optimal solution, [11] . To overcome such difficulties, some alternate approaches include the Nesterov-based methods, e.g., Distributed
Nesterov Gradient (DNG) with a convergence rate of O( ln k k ), and Distributed Nesterov gradient with Consensus iterations (DNC), [16] . The algorithm, DNC, can be interpreted to have an inner loop, where information is exchanged, within every outer loop where the optimization-step is performed. The time complexity of the outer loop is O( 1 k 2 ) whereas the inner loop performs a substantial O(ln k) information exchanges within the kth outer loop. Therefore, the equivalent convergence rate of DNC is O( ln k k 2 ). Both DNG and DNC assume the gradient to be bounded and Lipschitz continuous at the same time. The discussion of convergence rate above applies to general convex functions. When the objective functions are further strongly-convex, DGD and DDA have a faster convergence rate of O( ln k k ), and DGD with a constant step-size converges linearly to a neighborhood of the optimal solution. See Table I for a comparison of related algorithms.
Other related algorithms include the distributed implementation of ADMM, based on augmented Lagrangian, where at each iteration the primal and dual variables are solved to minimize a Lagrangian-related function, [13] [14] [15] . Comparing to the gradient-based methods with diminishing step-sizes, this type of method converges exactly to the optimal solution with a faster rate of O( multi-agent network to be an undirected graph. In contrast, literature concerning directed graphs is relatively limited. The challenge lies in the imbalance caused by the asymmetric information exchange in directed graphs.
We report the papers considering directed graphs here. Broadly, there are three notable approaches, which are all gradient-based algorithms with diminishing step-sizes. The first is called Gradient-Push (GP), [20] [21] [22] [23] , which combines gradient-descent and push-sum consensus. The push-sum algorithm, [24, 25] , is first proposed in consensus problems to achieve averageconsensus 1 in a directed graph, i.e., with a column-stochastic matrix. The idea is based on computing the stationary distribution of the column-stochastic matrix characterized by the underlying multi-agent network and canceling the imbalance by dividing with the right eigenvector of the column-stochastic matrix. Directed-Distributed Gradient Descent (D-DGD), [30, 31] , follows the idea of Cai and Ishii's work on average-consensus, [32] , where a new non-doublystochastic matrix is constructed to reach average-consensus. The underlying weighting matrix contains a row-stochastic matrix as well as a column-stochastic matrix, and provides some nice properties similar to doubly-stochastic matrices. In [33] , where we name the method WeightBalancing-Distributed Gradient Descent (WB-DGD), the authors combine the weight-balancing technique, [34] , together with gradient-descent. These gradient-based methods, [20-23, 30, 31, 33] , restricted by the diminishing step-size, converge relatively slow at O(
). Under stronglyconvex objective functions, the convergence rate of GP can be accelerated to O( ln k k ), [35] . We sum up the existing first-order distributed algorithms and provide a comparison in terms of speed, in Table I , including both undirected and directed graphs. In Table I , 'I' means DGD with a constant step-size is an Inexact method, and 'C' represents that DADMM has a much higher
Computation burden compared to other first-order methods.
In this paper, we propose a fast distributed algorithm, termed DEXTRA, to solve the corresponding distributed optimization problem over directed graphs. We assume that the objective functions are restricted strongly-convex, a relaxed version of strong-convexity, under which we show that DEXTRA converges linearly to the optimal solution of the problem. DEXTRA combines the push-sum protocol and EXTRA. The push-sum protocol has been proven useful in dealing with optimization over digraphs, [20] [21] [22] [23] , while EXTRA works well in optimization problems over undirected graphs with a fast convergence rate and a low computation complexity.
1 See [26] [27] [28] [29] , for additional information on average-consensus problems.
May 31, 2016 DRAFT Algorithms General Convex strongly-convex By integrating the push-sum technique into EXTRA, we show that DEXTRA converges exactly to the optimal solution with a linear rate, O(τ k ), when the underlying network is directed.
Note that O(τ k ) is commonly described as linear and it should be interpreted as linear on a log-scale. The fast convergence rate is guaranteed because DEXTRA has a constant step-size compared with the diminishing step-size used in GP, D-DGD, or WB-DGD. Currently, our formulation is limited to restricted strongly-convex functions. Finally, we note that an earlier version of DEXTRA, [36] , was used in [37] to develop Normalized EXTRAPush. Normalized
EXTRAPush implements the DEXTRA iterations after computing the right eigenvector of the underlying column-stochastic, weighting matrix; this computation requires either the knowledge of the weighting matrix at each agent, or, an iterative algorithm that converges asymptotically to the right eigenvector. Clearly, DEXTRA does not assume such knowledge.
The remainder of the paper is organized as follows. Section II describes, develops, and interprets the DEXTRA algorithm. Section III presents the appropriate assumptions and states the main convergence results. In Section IV, we present some lemmas as the basis of the proof the ith row of A, and by [A] ij , the (i, j)th element of A. The matrix, I n , represents the n × n identity, and 1 n and 0 n are the n-dimensional vector of all 1's and 0's. The inner product of two vectors, x and y, is x, y . The Euclidean norm of any vector, x, is denoted by x . We define the A-matrix norm, x 2 A , of any vector, x, as
where A is not necessarily symmetric. Note that the A-matrix norm is non-negative only when A+ A is Positive Semi-Definite (PSD). If a symmetric matrix, A, is PSD, we write A 0, 
II. DEXTRA DEVELOPMENT
In this section, we formulate the optimization problem and describe DEXTRA. We first derive an informal but intuitive proof showing that DEXTRA pushes the agents to achieve consensus and reach the optimal solution. The EXTRA algorithm, [18] , is briefly recapitulated in this section.
We derive DEXTRA to a similar form as EXTRA such that our algorithm can be viewed as an improvement of EXTRA suited to the case of directed graphs. This reveals the meaning behind DEXTRA: Directed EXTRA. Formal convergence results and proofs are left to Sections III, IV, and V.
Consider a strongly-connected network of n agents communicating over a directed graph, G = (V, E), where V is the set of agents, and E is the collection of ordered pairs, (i, j), i, j ∈ V, such that agent j can send information to agent i. Define N in i to be the collection of in-neighbors, i.e., the set of agents that can send information to agent i. Similarly, N out i is the set of out-neighbors of agent i. We allow both N 
We focus on solving a convex optimization problem that is distributed over the above multi-agent DRAFT network. In particular, the network of agents cooperatively solve the following optimization problem:
where each local objective function, f i : R p → R, is convex and differentiable, and known only by agent i. Our goal is to develop a distributed iterative algorithm such that each agent converges to the global solution of Problem P1.
A. EXTRA for undirected graphs
EXTRA is a fast exact first-order algorithm that solve Problem P1 when the communication network is undirected. At the kth iteration, agent i performs the following update:
where the weights, w ij , form a weighting matrix, W = {w ij }, that is symmetric and doublystochastic. The collection W = { w ij } satisfies W = θI n + (1 − θ)W , with some θ ∈ (0, 1 2 ].
The update in Eq. (1) 
, and W , W ∈ R n×n be the weighting matrices collecting weights, w ij , w ij , respectively. Then, Eq. (1) can be represented in a matrix form as:
where the symbol ⊗ is the Kronecker product. We now state DEXTRA and derive it in a similar form as EXTRA.
B. DEXTRA Algorithm
To solve the Problem P1 suited to the case of directed graphs, we propose DEXTRA that can be described as follows. Each agent, j ∈ V, maintains two vector variables:
as well as a scalar variable, y , and sends these to each of its outneighbors, i ∈ N out j , where the weights, a ij , and, a ij ,'s are such that:
where θ ∈ (0, 
In the above, ∇f i (z 
We note that the implementation of Eq. (5) needs each agent to have the knowledge of its outneighbors (such that it can design the weights according to Eqs. (3) and (4)). In a more restricted setting, e.g., a broadcast application where it may not be possible to know the out-neighbors, we may use a ij = |N out j | −1 ; thus, the implementation only requires each agent to know its out-degree, [20-23, 30, 31, 33] .
To simplify the proof, we write DEXTRA, Eq. (5), in a matrix form. Let, A = {a ij } ∈ R n×n , A = { a ij } ∈ R n×n , be the collection of weights, a ij , a ij , respectively. It is clear that both A and A are column-stochastic matrices. Let
, be the collection of all agent states and gradients at time k, i.e., x
, and y k ∈ R n be the collection of agent states, y
. Note that at time k, y k can be represented by the initial value, y 0 :
Define a diagonal matrix,
Given that the graph, G, is strongly-connected and the corresponding weighting matrix, A, is non-negative, it follows that D k is invertible for any k. Then, we can write Eq. (5) in the matrix form equivalently as follows:
where both of the weight matrices, A and A, are column-stochastic and satisfy the relation-
]. From Eq. (9a), we obtain for any k
Therefore, Eq. (9) can be represented as a single equation:
We refer to the above algorithm as DEXTRA, since Eq. (11) has a similar form as EXTRA in Eq. (2) and is designed to solve Problem P1 in the case of directed graphs. We state our main result in Section III, showing that as time goes to infinity, the iteration in Eq. (11) pushes z k to achieve consensus and reach the optimal solution in a linear rate. Our proof in this paper will based on the form, Eq. (11), of DEXTRA.
C. Interpretation of DEXTRA
In this section, we give an intuitive interpretation on DEXTRA's convergence to the optimal solution; the formal proof will appear in Sections IV and V. Since A is column-stochastic, the sequence, y k , generated by Eq. (9c), satisfies lim k→∞ y k = π, where π is some vector in the span of A's right-eigenvector corresponding to the eigenvalue 1. We also obtain that D ∞ = diag (π). For the sake of argument, let us assume that the sequences, z k and x k , generated by DEXTRA, Eq. (9) or (11), also converge to their own limits, z ∞ and x ∞ , respectively (not necessarily true). According to the updating rule in Eq. (9b), the limit x ∞ satisfies
where the consensus is reached. The above analysis reveals the idea of DEXTRA, which is to overcome the imbalance of agent states occurred when the graph is directed: both x ∞ and y ∞ lie in the span of π; by dividing x ∞ over y ∞ , the imbalance is canceled.
Summing up the updates in Eq. (9b) over k from 0 to ∞, we obtain that
note that the first iteration is slightly different as shown in Eqs. (6) . Consider x ∞ = π ⊗ u and the preceding relation. It follows that the limit, z ∞ , satisfies
Therefore, we obtain that
which is the optimality condition of Problem P1 considering that z ∞ = 1 n ⊗ u. Therefore, given the assumption that the sequence of DEXTRA iterates, z k and x k , have limits, z ∞ and x ∞ ,
we have the fact that z ∞ achieves consensus and reaches the optimal solution of Problem P1.
In the next section, we state our main result of this paper and we defer the formal proof to Sections IV and V.
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III. ASSUMPTIONS AND MAIN RESULTS
With appropriate assumptions, our main result states that DEXTRA converges to the optimal solution of Problem P1 linearly. In this paper, we assume that the agent graph, G, is stronglyconnected; each local function, f i : R p → R, is convex and differentiable, and the optimal solution of Problem P1 and the corresponding optimal value exist. Formally, we denote the optimal solution by u ∈ R p and optimal value by f * , i.e.,
Let z * ∈ R np be defined as
Besides the above assumptions, we emphasize some other assumptions regarding the objective functions and weighting matrices, which are formally presented as follows.
Assumption A1 (Functions and Gradients). Each private function, f i , is convex and differentiable and satisfies the following assumptions.
(a) The function, f i , has Lipschitz gradient with the constant
(b) The function, f i , is restricted strongly-convex 2 with respect to point u with a positive
where u is the optimal solution of the Problem P1.
Following Assumption A1, we have for any x, y ∈ R np ,
where the constants
Recall the definition of D k in Eq. (8), we formally denote the limit of D k by D ∞ , i.e.,
where π is some vector in the span of the right-eigenvector of A corresponding to eigenvalue 1.
The next assumption is related to the weighting matrices, A, A, and D ∞ .
Assumption A2 (Weighting matrices). The weighting matrices, A and A, used in DEXTRA, Eq. (9) or (11), satisfy the following.
(a) A is a column-stochastic matrix.
(b) A is a column-stochastic matrix and satisfies A = θI n + (1 − θ)A, for some θ ∈ (0, 1 2 ].
(c) (
One way to guarantee Assumption A2(c) is to design the weighting matrix, A, to be diagonallydominant. For example, each agent j designs the following weights:
where ζ is some small positive constant close to zero. This weighting strategy guarantees the Assumption A2(c) as we explain in the following. According to the definition of D ∞ in Eq. (18), all eigenvalues of the matrix, 2(
, are greater than zero. Since eigenvalues are a continuous functions of the corresponding matrix elements, [38, 39] , there must exist a small constant ζ such that for all ζ ∈ (0, ζ) the weighting matrix, A, designed by the constant weighting strategy with parameter ζ, satisfies that all the eigenvalues of the matrix,
, are greater than zero. In Section VI, we show DEXTRA's performance using this strategy.
Since the weighting matrices, A and, A, are designed to be column-stochastic, they satisfy the following. and π i satisfy
where we can have C = 4 and γ = (1 − 1 n n ).
May 31, 2016 DRAFT
As a result, we obtain that for any k,
Eq. (19) implies that different agents reach consensus in a linear rate with the constant γ.
Clearly, the convergence rate of DEXTRA will not exceed this consensus rate (because the convergence of DEXTRA means both consensus and optimality are achieved). We will show this fact theoretically later in this section. We now denote some notations to simplify the representation in the rest of the paper. Define the following matrices,
and constants,
We also define some auxiliary variables and sequences. Let q * ∈ R np be some vector satisfying
and q k be the accumulation of x r over time:
Based on M , N , D k , z k , z * , q k , and q * , we further define
May 31, 2016 It is useful to note that the G-matrix norm, a 2 G , of any vector, a ∈ R 2np , is non-negative, i.e., a 2 G ≥ 0, ∀a. This is because G + G is PSD as can be shown with the help of the following lemma.
Lemma 2. (Chung. [40] ) Let L G denote the Laplacian matrix of a directed graph, G. Let U be a transition probability matrix associated to a Markov chain described on G and s be the left-eigenvector of U corresponding to eigenvalue 1. Then,
where S = diag(s). Additionally, if G is strongly-connected, then the eigenvalues of L G sat-
Considering the underlying directed graph, G, and let the weighting matrix A, used in DEXTRA, be the corresponding transition probability matrix, we obtain that
Therefore, we have the matrix N , defined in Eq. (21), satisfy
where θ is the positive constant in Assumption A2(b). Clearly, N + N is PSD as it is a product of PSD matrices and a non-negative scalar. Additionally, from Assumption A2(c), note that M + M is PD and thus for any a ∈ R np , it also follows that a 2 M ⊗Ip ≥ 0. Therefore, we conclude that G + G is PSD and for any a ∈ R 2np ,
We now state the main result of this paper in Theorem 1.
Theorem 1. Define
where η is some positive constant satisfying that 0 < η <
, and δ < λ min (M + M )/(2C 7 ) is a positive constant reflecting the convergence rate.
Let Assumptions A1 and A2 hold. Then with proper step-size α ∈ [α min , α max ], there exist, 0 < Γ < ∞ and 0 < γ < 1, such that the sequence t k defined in Eq. (31) satisfies
The constant γ is the same as used in Eq. (19) , reflecting the consensus rate. The lower bound, α min , of α satisfies α min ≤ α, where
and the upper bound, α max , of α satisfies α max ≥ α, where
Proof. See Section V.
Theorem 1 is the key result of this paper. We will show the complete proof of Theorem 1 in Section V. Note that Theorem 1 shows the relation between t k − t * 2 G and t k+1 − t * 2 G but we would like to show that z k converges linearly to the optimal point z * , which Theorem 1 does not show. To this aim, we provide Theorem 2 that describes a relation between z k − z * 2 and
In Theorem 1, we are given specific bounds on α min and α max . In order to ensure that the solution set of step-size, α, is not empty, i.e., α min ≤ α max , it is sufficient (but not necessary) to satisfy
which is equivalent to
Recall from Theorem 1 that
We note that it may not always be possible to find solutions for η that satisfy both Eqs. (39) and (40) . The theoretical restriction here is due to the fact that the step-size bounds in Theorem 1 are not tight. However, the representation of α and α imply how to increase the interval of appropriate step-sizes. For example, it may be useful to set the weights to in-
2 such that α is increased. We will discuss such strategies in the numerical experiments in Section VI. We also observe that in reality, the range of appropriate step-sizes is much wider. Note that the values of α and α need the knowledge of the network topology, which may not be available in a distributed manner. Such bounds are not uncommon in the literature where the step-size is a function of the entire topology or global objective functions, see [11, 18] . It is an open question on how to avoid the global knowledge of network topology when designing the interval of α.
Remark 1.
The positive constant δ in Eq. (35) reflects the convergence rate of t k − t * 2 G . The larger δ is, the faster t k − t * 2 G converges to zero. As δ < λ max (M + M )/(2C 7 ), we claim that the convergence rate of t k − t * 2 G can not be arbitrarily large.
Based on Theorem 1, we now show the r-linear convergence rate of DEXTRA to the optimal solution.
Theorem 2. Let Assumptions A1 and A2 hold. With the same step-size, α, used in Theorem 1, the sequence, {z k }, generated by DEXTRA, converges exactly to the optimal solution, z * , at an r-linear rate, i.e., there exist some bounded constants, T > 0 and max 1 1+δ
, γ < τ < 1, where δ and γ are constants used in Theorem 1, Eq. (35), such that for any k,
Proof. We start with Eq. (35) 
For any τ satisfying ψ < τ < 1, there exists a constant Ψ such that (
, for all k.
From Eq. (31) and the corresponding discussion, we have
Since N + N is PSD, (see Eq. (33)), it follows that
Noting that M +M is PD (see Assumption A2(c)), i.e., all eigenvalues of M +M are positive, we obtain that
Therefore, we have that
By letting
we obtain the desired result.
Theorem 2 shows that the sequence, {z k }, converges at an r-linear rate to the optimal solution, z * , where the convergence rate is described by the constant, τ . During the derivation of τ , we have τ satisfying that γ ≤ max{ 1 1+δ
, γ} < τ < 1. This implies that the convergence rate (described by the constant τ ) is bounded by the consensus rate (described by the constant γ).
In Sections IV and V, we present some basic relations and the proof of Theorem 1.
IV. AUXILIARY RELATIONS
We provide several basic relations in this section, which will help in the proof of Theorem 1.
For the proof, we will assume that the sequences updated by DEXTRA have only one dimension, i.e., p = 1; thus z
p being p-dimensional vectors, the proof is the same for every dimension by applying the results to each coordinate. Therefore, assuming p = 1 is without the loss of generality. Let p = 1 and rewrite DEXTRA, Eq. (11), as
We first establish a relation among
, and q * , recall the notation and discussion after Lemma 1).
Lemma 3. Let Assumptions A1 and A2 hold. In DEXTRA, the quadruple sequence
recall Eqs. (20)- (30) for notation.
Proof. We sum DEXTRA, Eq. (42), over time from 0 to k,
By subtracting LD k+1 z k+1 on both sides of the preceding equation and rearranging the terms, it follows that
Note that D ∞ z * = π, where π is some vector in the span of the right-eigenvector of A corresponding to eigenvalue 1. Since Rπ = 0 n , we have and (27) . If z k is bounded, i.e., z k ≤ B < ∞, then
where C and γ are constants defined in Lemma 1.
Proof. (a)
Similarly, we can prove (b). Finally, we have
The proof is complete.
Note that the result of Lemma 4 is based on the prerequisite that the sequence {z k } generated by DEXTRA at kth iteration is bounded. We will show this boundedness property (for all k)
together with the proof of Theorem 1 in the next section. The following two lemmas discuss the boundedness of z k for a fixed k.
Lemma 5. Let Assumptions A1 and A2 hold and recall t k , t * , and G defined in Eq. (31). If
G is bounded by some constant F for some k, i.e., t k − t * 2 G ≤ F , we have z k be bounded by a constant B for the same k, defined as follow,
where d − , M are constants defined in Eq. (27) and (20) .
Proof. We follow the following derivation,
where the third inequality holds due to M + M being PD (see Assumption A2(c)), and the fourth inequality holds because N -matrix norm has been shown to be nonnegative (see Eq. (33)).
Therefore, it follows that z k ≤ B for B defined in Eq. (46), which is clearly < ∞ as long as Proof. According to the iteration of DEXTRA in Eq. (42), we can bound
where d is the constant defined in Eq. (26) . Accordingly, we have z k+1 be bounded as follow,
V. MAIN RESULTS
In this section, we first give two propositions that provide the main framework of the proof.
Based on these propositions, we use induction to prove Theorem 1. Proposition 1 claims that
Proposition 1. Let Assumptions A1 and A2 hold, and recall the constants C 1 , C 2 , C 3 , C 4 , C 5 , C 6 , C 7 , ∆, δ, and γ from Theorem 1. Assume
With proper step-size α, Eq. (35) is satisfied at kth iteration, i.e.,
where the range of step-size is given in Eqs. (36) and (37) in Theorem 1.
Proof. See Appendix A.
Note that Proposition 1 is different from Theorem 1 in that: (i) it only proves the result, Eq. (35), for a certain k, not for all k ∈ N + ; and, (ii) it requires the assumption that t k−1 − t * 2 G ≤ F 1 , and t k − t * 2 G ≤ F 1 , for some bounded constant F 1 . Next, Proposition 2 shows that for all k ≥ K, where K is some specific value defined later, if t k − t * 2 G ≤ F , and t k − t * 2
Proposition 2. Let Assumptions A1 and A2 hold, and recall the constants C 1 , C 2 , C 3 , C 4 , C 5 , C 6 , C 7 , ∆, δ, and γ from Theorem 1. Assume that at kth iteration, t k − t * 2 G ≤ F 2 , for some bounded constant F 2 , and t k − t * 2
is satisfied for all k ≥ K, where K is defined as
Proof. See Appendix B.
VI. NUMERICAL EXPERIMENTS
This section provides numerical experiments to study the convergence rate of DEXTRA for a least squares problem over a directed graph. The local objective functions in the least squares problems are strongly-convex. We compare the performance of DEXTRA with other algorithms suited to the case of directed graph: GP as defined by [20] [21] [22] [23] , and D-DGD as defined by [30] .
Our second experiment verifies the existence of α min and α max , such that the proper step-size α is between α min and α max . We also consider various network topologies and weighting strategies to see how the eigenvalues of network graphs effect the interval of step-size, α. Convergence is studied in terms of the residual
where u is the optimal solution. The distributed least squares problem is described as follows.
Each agent owns a private objective function,
are measured data, x ∈ R p is unknown, and n i ∈ R m i is random noise. The goal is to estimate x, which we formulate as a distributed optimization problem solving
We consider the network topology as the digraph shown in Fig. 1 . We first apply the local degree weighting strategy, i.e., to assign each agent itself and its out-neighbors equal weights according to the agent's own out-degree, i.e.,
According to this strategy, the corresponding network parameters are shown in Fig. 1 . We now estimate the interval of appropriate step-sizes. We choose L f = max i {2λ max (H i H i )} = 0.14, and S f = min i {2λ min (H i H i )} = 0.1. We set η = 0.04 < S f /d 2 , and δ = 0.1. Note that η and δ are estimated values. According to the calculation, we have C 1 = 36.6 and C 2 = 5.6. Therefore,
= 0.26, and α < S f /(2d 2 )−η/2 2C 2 δ = 9.6 × 10 −4 . We thus pick α = 0.1 ∈ [α, α] for the following experiments.
Our first experiment compares several algorithms suited to directed graphs, illustrated in Fig. 1 .
The comparison of DEXTRA, GP, D-DGD and DGD with weighting matrix being row-stochastic is shown in Fig. 2 . In this experiment, we set α = 0.1, which is in the range of our theoretical value calculated above. The convergence rate of DEXTRA is linear as stated in Section III. G-P . As a result, the convergence rate of both is sublinear. We also consider the DGD algorithm, but with the weighting matrix being row-stochastic.
The reason is that in a directed graph, it is impossible to construct a doubly-stochastic matrix.
As expected, DGD with row-stochastic matrix does not converge to the exact optimal solution while other three algorithms are suited to directed graphs. According to the theoretical value of α and α, we are able to set available step-size, α ∈ [9.6 × 10 −4 , 0.26]. In practice, this interval is much wider. Fig. 3 illustrates this fact. Numerical experiments show that α min = 0 + and α max = 0.447. Though DEXTRA has a much wider range of step-size compared with the theoretical value, it still has a more restricted step-size compared with EXTRA, see [18] , where the value of step-size can be as low as any value close to zero in any network topology, i.e., α min = 0, as long as a symmetric and doubly-stochastic matrix is applied in EXTRA. The relative smaller range of interval is due to the fact that the weighting matrix applied in DEXTRA can not be symmetric. The explicit representation of α and α given in Theorem 1 imply the way to increase the interval of step-size, i.e.,
To increase α, we increase
; to decrease α, we can decrease
Compared with applying the local degree weighting strategy, Eq. (54), as shown in Fig. 3 , we achieve a wider range of step-sizes by applying the constant weighting strategy, which can be expressed as
This constant weighting strategy constructs a diagonal-dominant weighting matrix, which in-
. It may also be observed from Figs 
VII. CONCLUSIONS
In this paper, we introduce DEXTRA, a distributed algorithm to solve multi-agent optimization problems over directed graphs. We have shown that DEXTRA succeeds in driving all agents to the same point, which is the exact optimal solution of the problem, given that the communication graph is strongly-connected and the objective functions are strongly-convex. Moreover, the algorithm converges at a linear rate O(τ k ) for some constant, τ < 
where s 1 , s 2 , s 3 denote each of RHS terms. We show the boundedness of s 1 , s 2 , and s 3 in
Comparing Eqs. (57) with (59), it is sufficient to prove that
We next aim to bound q * − q 
Since that λ 
where C 2 is the constant defined in Theorem 1. By combining Eqs. (61) with (62), it follows that
Consider Eq. (60), together with (63). Let
where C 3 is the constant defined in Theorem 1, such that all "γ
The solution of step-size, α, satisfying Eq. (66a), is
where we set
to ensure the solution of α contains positive values. In order to have δ > 0 in Eq. (66b), the step-size, α, is sufficient to satisfy
By combining Eqs. (71) with (73), we conclude it is sufficient to set the step-size α ∈ [α, α], where
and
to establish the desired result, i.e.,
Finally, we bound the constant δ, which reflecting how fast t k+1 − t * 2 G converges. Recall the definition of C 7
To have α's solution of Eq. (66b) contains positive values, we need to set
APPENDIX B
PROOF OF PROPOSITION 2
Since we have t k − t * 2 G ≤ F 2 , and t k − t * 2 G ≥ (1 + δ) t k+1 − t * 2 G − Γγ k , it follows that
Given the definition of K in Eq. (50), it follows that for k ≥ K
where the second inequality follows with the definition of Γ, and F in Eqs. (48) and (46).
The first equality in the preceding relation holds due to the fact that N D ∞ z * = 0 n and the second equality follows from the definition of q k , see Eq. (30) . By substituting the representation of s 3b and s 3c into (86), and recalling the definition of t k , t * , G in Eq. (31), we simplify the
